We consider the magnetic properties of the hollow cylindrical ideal remanence magnet. This magnet is the cylindrical permanent magnet that generates a uniform field in the cylinder bore, using the least amount of magnetic energy to do so. The remanence distribution of this magnet is derived and the generated field is compared to that of a Halbach cylinder of equal dimensions. The ideal remanence magnet is shown in most cases to generate a significantly lower field than the equivalent Halbach cylinder, although the field is generated with higher efficiency. The most efficient Halbach cylinder is shown to generate a field exactly twice as large as the equivalent ideal remanence magnet.
Introduction
Generating a large uniform magnetic field in the most efficient way possible is of key interest, both for scientific and commercial applications. A strong uniform magnetic field is required in a large number of applications, among these nuclear magnetic resonance (NMR) equipment, accelerator magnets and magnetic refrigeration devices. Typically, the magnetic field must be generated inside a cylindrical bore, and the surrounding magnet is in this case usually also cylindrical.
Previous investigations of such a cylindrical system have focussed on generating as large as field as possible in the cylinder bore (1; 2; 3), with little regard to the efficiency of the magnet design. In an efficient magnet design the magnetic energy in the magnets is utilized fully to create the desired magnetic field. The efficiency of a permanent magnet design, M, can be defined as (4)
where V field is the volume of the region where the magnetic field is created, V mag is the volume of the magnets, B is the magnetic field and B rem is the remanence of the magnets used.
The maximum value of M is 0.25 (4) . Interestingly, the remanence distribution of the ideal cylindrical magnet that generates a uniform field in the cylinder bore, i.e. the design with the highest possible M, has been derived by Jensen & Abele (1996) (4) , but the field generated by this ideal remanence magnet have not been considered in detail. Little is known about this magnet design, even though it has been proven to be the most efficient design possible. It has never been realized physically, nor has it been investigated numerically or analytically in detail. Furthermore, only the magnetic efficiency, and not the magnetic field itself generated by this ideal remanence magnet, has been compared with the design most commonly used to generate a uniform field in a cylinder bore, namely the Halbach cylinder design. In this work we calculate the magnetic field generated by the ideal remanence magnet, and compare it to the Halbach cylinder, in order to determine the most optimal way to generate a desired field using the least amount of magnet energy.
Some of the magnetic structures that are considered in the following have a varying remanence through the magnetic structure. While these may not be easy to realize in a practical sense, they nevertheless generate the desired magnetic field using the least magnetic energy possible, and are therefore interesting to investigate scientifically.
The ideal remanence cylindrical magnet
Any ideal remanence magnet must have an irrotational and solenoidal remanence distribution, ∇×B rem = 0 and ∇·B rem = 0, and have no net magnetic charge on the surface of the magnet (4). Utilizing these requirement Jensen & Abele (1996) (4) were able to calculate the most efficient cylindrical magnet design, that generates a uniform field in the cylinder bore in two dimensions. We will only consider two dimensional structures in the following, i.e. flux leakage through the ends of the cylinder are ignored. This is a valid approximation as long as the cylinder is much longer than the diameter of the cylinder bore.
Non-yoked design
For the case where the cylindrical magnet is not surrounded by an iron yoke, the remanence potential for the ideal cylindrical magnet is given as (4)
where B 0 is the norm of the generated flux density in the cylinder bore, r i and r o are the inner and outer radii of the magnet, respectively, µ r is the relative permeability of the permanent magnet and r and φ are polar coordinates. The remanence is given by
Calculating the gradient in Eq. (3), one get
where
For the case of µ r = 1, the components A(r) and B(r) are identical. The remanence is seen to be a function of both r and φ . The remanence distribution is illustrated in Fig. 1 . The norm of the remanence is given as
which simply reduces to |A(r)| for the case of µ r = 1. Permanent magnets are limited in the maximum remanence that can be obtained. Therefore, it is of interest to determine the field that can be generated in the cylinder bore as function of the maximum remanence of the permanent magnet. As µ r is always larger than or equal to 1 it can be seen from Eq. (5) that A(r) ≥ B(r). This means that the maximum norm of the remanence will occur at r = r i and φ = [0, π]. At these points, the norm is simply |A(r i )|. The minimum norm of the remanence will always occur at r = r o and φ = [π/2, 3π/2]. Here, the norm is simply |B(r o )|.
Using that the maximum norm of the remanence is given by |A(r i )| and Eq. (5), we get
This is easily inverted in terms of B 0 as
This is the magnitude of the uniform flux density generated by an ideal remanence magnet with a maximum remanence of B rem,max .
For the case of µ r = 1, this reduces to
while for an infinitely big magnet, r i /r o → 0, so
which for the case of µ r = 1 means that B 0 = B rem,max /2. This is the maximum norm of the flux density that the ideal remanence magnet can generate for a given maximum remanence. The factor of 1/2 between the maximum remanence and the generated flux density is the maximum factor for a maximally efficient magnet (4).
Yoked design
The ideal distribution of remanence is different in the case that the cylindrical magnet is surrounded on the outside by a yoke of high permeability material. In this yoked case, the remanence potential given by (4)
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Calculating the remanence is similar to the non-yoked case, and the result is
The remanence distribution is illustrated in Fig. 1 . Again, the norm of the remanence will be largest at r = r i and φ = [0, π], where it will be |A(r i )|. However, unlike the case for the non-yoked magnet, the components A(r) and B(r)
which can be inverted in terms of B 0 as
This is exactly the same as the equation for the non-yoked case, i.e. Eq. (8) . Thus the non-yoked and the yoked cylindrical magnets generate the same magnetic field for the same choice of maximum remanence and the same size of the magnet. However, the magnetic energy in the permanent magnets is smaller in the yoked case, i.e. the yoked design have a higher efficiency.
Comparing to the Halbach cylinder
The Halbach cylinder is the most common way to generate a uniform magnetic field in a cylinder bore (5; 6). For this design, the remanence is given by
As can be seen, the norm of the remanence is uniform throughout the magnet, unlike the case of the ideal remanence magnets discussed above. The Halbach design has been used in a large number of applications including nuclear magnetic resonance (NMR) equipment (7; 8), accelerator magnets (9; 10), magnetic refrigeration devices (11; 12) and medical applications (13) . For the Halbach cylinder, the magnetic flux density generated in the cylinder bore is given as (6) B 0 = B rem ln r o r i (17) Figure 2 . The ratio between the field generated by a Halbach cylinder and that generated by an ideal remanence magnet, as function of the size of the magnet and the relative permeability of the magnet material. The maximum remanence of the ideal remanence magnet is equal to the remanence throughout the Halbach magnet.
The efficiency of the Halbach cylinder, as defined by M, is well known (14) , and the maximum value of the efficiency is M ≈ 0.162 for a ratio of the radii of r o /r i ≈ 2.2185 (15; 16). The efficiency of the ideal remanence magnets have previously been compared to that of the Halbach cylinder (4). Here it was shown that the ideal remanence magnets are always more efficient then the Halbach cylinder. However, the efficiency of the magnet design is of little interest if a magnetic field of the desired field strength cannot be generated in the cylinder bore. Therefore it is of critical importance to compare the actual magnitude of the magnet field generated in the cylinder bore in the different designs. Shown in Fig. 2 is the ratio between the field generated by a Halbach cylinder and that generated by an ideal remanence magnet (both yoked and non-yoked as these generate the same field), for the case of the same maximum remanence and same size of the magnets. The ratio of the generated fields is shown as a function of the ratio of the inner and outer radius of the magnet as well as the relative permeability of the permanent magnet.
As can be seen from the figure, the Halbach cylinder generates a field that is always larger then that generated by the ideal remanence magnet. For this reason alone, the Halbach cylinder is preferential to the ideal remanence magnet, even though the latter has a higher efficiency, if the desired goal is to generate as high a field as possible.
It is of special interest to compare the two magnet design for the case of µ r = 1, as this is very close to the remanence of standard neodymium-iron-boron (NdFeB) magnets, where µ r is in general taken to be 1.05 (17) . Comparing the Halbach and ideal remanence magnets for µ r = 1 and assuming the maximum remanence of the ideal remanence magnet equal to The ratio between the field generated by a Halbach cylinder and that generated by an ideal remanence magnet, as function of the size of the magnet for µ r = 1. The fields generated, normalized by the remanence, are also shown. The maximum remanence of the ideal remanence magnet is equal to the remanence throughout the Halbach magnet.
the remanence throughout the Halbach magnet, we get
This equation, along with Eq. (8) and Eq. (17) , for the ideal remanence magnet and the Halbach cylinder, respectively, are shown in Fig. 3 for µ r = 1. As can be seen from the figure, the Halbach cylinder always generate a substantially larger field then the ideal remanence magnet.
The ideal remanence magnet and the Halbach magnet can be compared in more detail for the size of the magnet where the Halbach cylinder is the most efficient. As per Bjørk et al. (2015) (14) , the optimal ratio of the radii for the most efficient Halbach is given as (r i /r o ) opt = e −W (−2e −2 )/2−1 ≈ 0.4508, where W is the Lambert W -function. Using this expression in Eq. (8) 
Comparing Eqs. (19) and (20) , one get
This shows that at the optimal radius of the Halbach cylinder, i.e. the radius where it is the most efficient magnetically, the Halbach cylinder generates exactly twice the flux density generated by the ideal remanence magnet of the same size. Of course at this radius, the efficiency of the two designs are not identical. The efficiency of the Halbach is M ≈ 0.162, while it is M ≈ 0.199 for the non-yoked ideal remanence magnet and M ≈ 0.240 for the yoked ideal remanence magnet.
Discussion and conclusion
We have clearly shown that while the ideal remanence magnets are more magnetically efficient compared to the Halbach cylinder, they will always generate a lower field when compared with the equivalently sized Halbach cylinder. Thus the widespread use of the Halbach cylinder is justified, as the usual requirement in a application is to generate the largest field possible, and not use the magnetically most optimal design possible. Halbach cylinder are of course also easier to realize, as it has a constant remanence throughout the structure, making it more suitable for practical applications. The inherent problem of the ideal remanence magnets is the low value of the generated field. By combining the ideal remanence magnet with a flux concentrating device, which is able to concentrate the field lines in a cylinder bore (18; 19) , the field generated by the ideal remanence magnet can be enhanced as desired. The flux concentrating device cannot change the efficiency of a given magnet design (20) , but will enhance the field generated by the permanent magnetic structure by a factor of r o,con /r i,con , where these are the outer and inner radii of the flux concentrator. Since the ideal remanence magnets can be made maximally efficiency (albeit only at infinite r o ), the desired field in the cylinder bore can be generated with maximum efficiency by fitting a flux concentrator of desired size in the cylinder bore of the magnet.
We have shown that the ideal remanence magnet that generates a uniform field in a cylinder bore will only generate a field substantially weaker than the maximum value of its remanence. Comparing with the Halbach cylinder, the optimum Halbach cylinder was shown to generate a field twice as large as the ideal remanence magnet of the same size.
